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Constraint Quantization of Slave-Particle Theories
Christian Helm, Joachim Keller
Institut fu¨r Theoretische Physik der Universita¨t Regensburg, 93040
Regensburg, Germany
We start from the Barnes-Coleman slave-particle description, where the Hub-
bard operators X are decomposed into a product of fermionic (fα) and bosonic
(b) operators. The quantum mechanical constraint b†b+
∑
α f
†
αfα = 1 is treated
within the framework of Dirac’s method for the quantization of classical con-
strained systems. This leads to modified algebraic properties of the fundamen-
tal operators: bb†b = b, fαf
†
βfγ = δαβfγ and fαb
† = 0. Thereby the algebra of
the X-operators is preserved exactly on the operator level. Matrix represen-
tations of the above algebra are constructed and a resolvent-like perturbation
theory for the single-impurity Anderson model is developed.
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In systems like the single-impurity Anderson-model
H =
∑
kσ
c
†
kσckσ + ǫf
N∑
σ=1
Xσσ +
N∑
kσ=1
Vk(X0σc
†
kσ +Xσ0ckσ) (1)
the doubly occupied state of the strongly correlated f-electron (N : spin degen-
eracy) is forbidden due to a strong local Coulomb repulsion. This is described
by the so-called Hubbard operators Xαβ =| α〉〈β | (α, β = 0, . . . N), which
fulfill a projector-like algebra and a completeness relation
XαβXγδ = δβγXαδ
N∑
α=0
Xαα = 1Hphys . (2)
In the standard slave-boson-approach [1] the X-operators are decomposed into
a product of fermionic (fα) and bosonic (b) degrees of freedom
Xαβ = ψ
†
αψβ ψ
†
α = (b
†, f †σ), (3)
which are intuitively interpreted as creators and annihilators of empty (b) and
occupied (fσ) states. In order to eliminate unphysical degrees of freedom, an
additional constraint has to be implemented in the functional integral:
(b†b+
∑
σ
f †σfσ − 1) | phys〉 = 0 (4)
In the usual treatment of slave-boson-theories this constraint is only fulfilled
on a mean-field level and it is difficult to control the contribution of unphysical
parts of the Hilbert space.
Motivated by this we aim at a decomposition Xαβ(t) = ψ
†
α(t)ψβ(t) of X-
operators into a product of two operators with own dynamics while fulfilling
the algebra and completeness relation of equ. 2 exactly on the operator level.
The constraint equ. 4 can be treated exactly by Dirac’s method [2] for the quan-
tization of classical constrained systems, where the standard (anti)-commutation
relations of the constrained degrees of freedom are modified in order to incorpo-
rate the constraint on the operator level. This procedure has also been carried
out (with inconsistent final results) in [3]. The corrected result reads as
ψαψ
†
βψγ = δαβψγ,
∑
α
ψ†αψα = 1H. (5)
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Note that these algebraic properties are equal for all ψα, which are neither
bosons nor fermions, but that equ. 2 is reproduced exactly.
One possibility to fulfill this algebra is to enlarge theN+1-dimensional physical
Hilbert spaceHphys by an unphysical ”vacuum” state | vac〉 of the slave-particle
operators: | 0〉 = b† | vac〉 and | σ〉 = f †σ | vac〉. Then on the space H =
Hphys ⊕ H˜
ψ†α := (0, . . . , e
†
α) ∈ C
(N+2)×(N+2) (6)
with (eα)n := δn,α n = 0, . . . , N . Thereby the usual resolvent theory is recov-
ered, as the dynamics on the unphysical space H˜ is reduced to the identity:
ψα(t) = 1H˜ψαe
−iHt.
In addition to this we constructed all possible matrix representations of the
algebra of equ. 5, which can serve as a starting point of alternative perturba-
tional approaches beyond the usual resolvent expansion.
In this paper we present for simplicity only representations on Hilbert spaces
H := H˜ ⊗Hphys, which are a tensor product of an arbitrary separable Hilbert
space H˜ and the physical Hilbert space Hphys and which turn out to show
interesting new features. In this case ψ†α can be represented as
ψ†α = (0, . . . , 0, a
†
1α, . . . , a
†
kα) ∈ C
k(N+1)×k(N+1) (7)
with aiαa
†
jβ = δijδαβ, aiα ∈ C
k(N+1) for i, j = 1, . . . , k and α, β = 0, . . . , N .
Without loss of generality we choose the special orthonormal basis (aiα)p :=
δp,i(N+1)+α+1. Consequently, ψαψ
†
β = δαβPψ is not the identity 1H (as claimed
in [3]), but the projector Pψ on the k-dimensional image of ψ in the k(N +
1)-dimensional space H. Thereby physical combinations ψ†αψβ = 1k ⊗ Dαβ
with (Dαβ)0≤n,m≤N = δnαδmβ representing Xαβ are blockdiagonal in H and
the expectation values of all physical operators AH = 1k ⊗ AHphys , which are
functions of ψ†αψβ only, are independent of the choice of the representation and
coincide with the physical result:
〈A(ψ†αψβ)〉H =
trH(e
−βHA)
trH(e−βH)
=
trHphys(e
−βHA)
trHphys(e
−βH)
= 〈A(Xαβ)〉Hphys . (8)
With the help of these auxiliary operators the Laplace transform of the f-
electron Greenfunction
Gαβ(t) := −i〈[X0α(t), Xβ0]+〉Θ(t) (9)
2
can be written as
Gαβ(z) =∫
C
dz1
2πi
〈[( 1
z1−L
b†)( 1
z+z1+L
fα), f
†
βb]+〉,
(10)
L being the Liouville operator and the contour C enclosing all eigenvalues of
H . The expansion of Gαβ in orders of V using the formula
1
z −L0 − LV
=
1
z −L0
∞∑
n=0
(LV
1
z − L0
)
n
(11)
can be translated into diagrams similar to those used in the usual resolvent
theory. Thereby the application of L on ψ(†)α creates unusual non-vanishing
products of four and more slave-operators like ψ†αψ
†
βψγψδ.
These unphysical terms cancel out in any representation in any finite order in
V , reproducing the correct results of a direct X-operator approach order by
order, which shows the consistency of the approach. But when summing up an
infinite number of diagrams, these unusual terms can remain and the results
can depend on the choice of representation.
The approximation 1
z−L
= 1
z−L0−Σ
with Σ = LV
1
z−L0
LV shows Kondo-like res-
onances at the energy T0 = Dexp(−
|ǫf |
(N−1)N0V 2
) - consistent with the physical
intuition - only for spin degeneracy N > 1. Here the inclusion of vertex cor-
rections seems to be crucial for the reproduction of the correct Kondo scale
for N 6= 1,∞. This and the comparison with the usual resolvent perturbation
theory, which should reveal the physical significance of the used subclass of
diagrams, are currently being investigated.
To conclude, we constructed new slave-particle decompositions of the Hubbard-
operators, which are exact on the operator level, and developed a formal con-
cept for a perturbation theory of these auxiliary operators. This will allow
to study the above theory in (e.g. selfconsistent) approximations, which go
beyond the results presented above.
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